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Analytical Solution for the Integral Contact Llne
Evaporative Heat Sink

J. A. Schonberg* and P. C. Wayner Jr.T
Rensselaer Polytechnic Institute, Troy, New York 12180

Heat transfer by evaporation from a thin film is studied theoretically, The film thickness decreases with
position and approaches an asymptotic value. The film is influenced by long-range intermolecular forces, in
particular van der Waals forces. According to the model, as well as previous models, these forces may partially
suppress evaporation, locally, but may draw fluid into the thin film from a bulk pool, generally. The insulation
effect of the fluid is included, whereas, capillary and thermocapillary effects are not considered. Analytical
expressions are presented for the film slope, curvature, and flow in terms of the film thickness. The film is
semi-infinite and steady, therefore, the flow at some peosition is equal to evaporation from the portion of the
film downstream of that position and is proportional to the integral heat sink. Curvature may become quite
large for small film thicknesses. An expression for the film thickness as a function of position is presented for
the special case of a relatively strong insulation effect. Also presented is an engineering model relating the
integral heat sink to a reduction in the Laplace pressure driving force for porous media flow, through a dynamic
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contact angle.

Nomenclature

Hamaker constant (67A)
functions of bulk properties
disjoining pressure constant
condensation coefficient

pore diameter

enthalpy, heat transfer coefficient
curvature

thermal conductivity of the liquid
molecular weight

dimensionless evaporative flux
interfacial mass flux

an integer

= pressure

= integral heat sink

the evaporative heat flux

gas constant

temperature

transformed 7 defined by equation (24)
molar volume

a mathematical convenience
distance along substrate. surface
mass flow rate/width

interfacial tension

difference

film thickness

= dimensionless thickness

= contact angle

= dimensionless group defined in Eq. (11)
= dynamic viscosity

= kinematic viscosity

= dimensionless position

= disjoining pressure

= density
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Subscripts

e = effective

i = average value

l = liquid

lv = liquid-vapor interface

m = unit mass

0 = reference value

s = substrate

t = total, referring to entire thin film
v = vapor '
X = atx

Superscrtpts

id = ideal

', " = derivatives

%

<<

dimensionless quantity symbols
much less than

H

Introduction

VAPORATION in the contact line region of an evap-

orating thin film (junction of vapor, evaporating thin
film, and adsorbed nonevaporating thin film on a solid sub-
strate) is important in many change of phase heat transfer
processes. For example, the stability of a steady-state evap-
orating meniscus depends on the physicochemiical phenomena
occurring in this region. Due to the difficulties associated with
experimentation in a small region where the film thickness

- becomes very thin, analytical descriptions of the transport

processes are indispensable. Herein, we focus on an analytical
description of the critical leading edge of an evaporating film.
Due to the short conduction path associated with ultra-thin
films, large heat fluxes are possible. However, it is not obvious
how or if the potential of the thin film may be harnessed to
provide high-heat fluxes. Higher heat flux processes are more
complicated; for example, experimental evidence shows that
in some systems evaporating thin films become unsteady at
higher heat fluxes. Therefore, the model presented herein is
not intended to be a complete description of high-heat flux
processes but is an attempt to describe some of their essen-
tials.

Very thin films on solid substrates are subject to long-range
intermolecular forces which affect their vapor pressure and,
therefore, their tendency to evaporate. In fact, experiments
reported by Derjaguin and Zorin' show that a thin film of a
completely wetting fluid persists at equilibrium with its sat-
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urated vapor even though it is superheated. Furthermore,
feeding fresh liquid to a nonequilibrium thin film involves
large pressure gradients due to high shear stresses. These two
concepts are connected at the molecular level because they
both depend on the intermolecular force field. For example,
if the liquid film has a large negative pressure due to viscous
shear, the free energy may be so reduced that evaporation is
seriously hindered. Other complications in evaporating thin
films involve surface tension, e.g., capillary pressure and Mar-
angoni flow.

Inspite of these comiplications, the evaporating thin film has
received attention over the years. Various works by Derjaguin
et al.,?> Potash and Wayner,®> Miller,* Wayner et al.,> Holm
and Goplen,® Moosman and Homsy,” Parks and Wayner,?
Mirzamoghadam and Catton,’ and Das and Gaddis'® are briefly
reviewed in Wayner and Schonberg.!" A related paper on the
nonlinear stability of evaporating/condensing liquid films was
published by Burelbach et al.’?

This work is an extension of Wayner et al.> In that study
evaporation from a steady thin film was related to the bulk
thermodynamic properties of the liquid, the superheat, the
fluid viscosity, and the disjoining pressure. Capillary and con-
ductivity effects were not treated. The liquid was taken to
have a simple form of disjoining pressure.

P, - P =-= 1)

where P, is the pressure in the vapor phase, P, is the pressure
in the liquid phase, A is a negative constant, and 8 is the
thickness of the film.

The disjoining pressure is a pressure difference across the
liquid vapor interface due to a repulsion of the vapor phase
by the solid and the liquid, due to long-range intermolecular
forces, in this case van der Waals forces. The film was taken
to be fairly flat so that its hydrodynamics are described by
lubrication theory. Finally, an expression was developed to
relate the evaporative flux to the superheat of the liquid and
to the pressure of the liquid. A second-order ordinary dif-

ferential equation was developed and solved numerically for .

the film thickness profile as well as the amount of power
absorbed by the evaporating thin film. This total power, which
is hot a flux, but is the power per unit length of .contact line
for a specified portion of the thin film, is defined as the integral
contact line evaporative heat sink. The term “‘contact line”
refers to the junction of a meniscus and a nonevaporating
thin film (of course, the junction is a smooth transition). In
this work we present an analytical solution for the integral
contact line evaporative heat sink including film conductivity
effects. Furthermore an analytical film profile is presented
for the case of strong conductivity effects. As in the work of
Wayner et al.’ capillary and Marangoni effects are ignored,
however, the importance of capillary effects is discussed. The
numerical example gives significant insight concerning the
characteristics of the heat transfer process near the contact
line. In comparison to a recent paper by Wayner'? in which
both the thickness and slope were arbitrarily selected, only
the thickness needs to be specified. As a result, higher fluxes
in the contact-line region can be envisioned within the as-
sumptions associated with the analysis.

Review of the Thin Film Model

Consider the thin film of pure liquid illustrated in Fig. 1.
The vapor phase is pure as well. Based on kinetic theory, the
mass flux of vapor leaving the liquid vapor interface, m, is
modeled as

m = a(TIv - Tv) + b(PI - Pv) (2)

where T, is the temperature of the liquid at the liquid vapor
interface, T, is the temperature of the vapor phase, P, is the
pressure of the liquid, and P, is the pressure of the vapor
phase. The vapor phase is assumed to have a uniform pressure
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Fig. 1 Evaporating thin film and coordinate system.

and temperature. Furthermore, it is assumed to be in equi-
librium with the bulk liquid at temperature T,,. The resistance
to transport in the vapor phase in the actual process is ignored
in the model. Equation (2) is a condensed form of Egs. (10),
(13), and (19) given in Wayner et al.’ which was an extension
of the mass effusion model of Schrage.'* In Eq. (2) the effect
of liquid pressure and temperature on the vapor pressure, and
therefore, the mass flux, is modeled. The coefficients ¢ and
b are functions of the bulk properties of the liquid. The coef-
ficients are

172
M P,MAh,,
a=G <2erT,,,) ( RT,T, ) (3)
and
172
—c (M _\ (VP
b=a (%RT,.,) <RT,U> @

where, taking the accommodation coefficient equal to one,
we assign

C, =20 (5)

and where M is the molecular weight, R is the universal gas
constant, Ah,, is the enthalpy of vaporization, and V, is the
molar volume of the liquid. The functions “a” and “b” are
not sensitive to small changes in 7, and T, therefore, these
quantities may be replaced with the substrate temperature
provided the temperature differences are small.

The evaporative heat flux, g, is

q = mAh,, (6)

Equation (2) states that the interfacial mass flux is affected
by a difference in the temperature and pressure across the
interface. In this model, the resistance associated with the
dynamic mass transfer processes in the vicinity of the interface
is confined to the interface. For a thin, flat, completely wetting
film, the effective liquid phase pressure is below the vapor
phase pressure because of the solid-liquid-vapor interfacial
force field. Now the vapor phase is in thermodynamic equi-
librium with bulk liquid. Therefore, the total pressure of the
liquid thin film is below that of the bulk liquid. Henee, the
vapor pressure of the liquid thin film is less than the vapor
pressure of the bulk liquid in the absence of a temperature
difference. If the temperature of the film at the liquid vapor
interface exceeds the temperature of the vapor phase, this
effect is offset. The increase of vapor pressure with temper-
ature is a familiar concept. Only if that temperature difference
is sufficient will evaporation occur. This is, generally speak-
ing, the reverse of what occurs in an evaporating drop. of
liquid.

As in the analysis of Moosman and Homsy,” the temper-
ature of the liquid, at the liquid vapor interface, is related to
the temperature of the substrate, T, through the one-dimen-
sional conduction heat transfer model for the liquid film

k

M= Sah,

(T, - T,.) ™
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where k is the thermal conductivity of the liquid. Equations
(2) and (7) may be combined to eliminate T}, in favor of T,
to obtain

" = (1 + %) (@(T, - T,) + b(P, - P,)) (8)

The temperature difference is a constant, AT,
AT=T, - T, 9

and is the immediate cause of the evaporation process. The
pressure change at the liquid vapor interface is, in general,
given by

-B
PU—P1=?+‘)/K (10)

where K is the curvature of the interface, and vy is the surface
tension. For a completely spreadmg ﬂuld B < 0 and, there-
fore, P, < P,. The reduction in vapor pressure due to this
pressure jump is offset by the temperature jump to give evap-
oration. We restrict our attention to very thin films with low
curvature and use Eq. (1). In essence, we are emphasizing
the region in the immediate vicinity of the contact line which
stabilizes the liquid film. Using Eq. (1) and the dimensionless

group

_ alh, 8,
A= X (11)
we find
1 bA
mo= T IS, (aAT + 83) (12)

If & is small enough there is no evaporative flux. This value
of & is the reference thickness and is given by

bA 1/3
8 = <— aA_T> (13)
With this reference thickness Eq. (12) may be scaled to yield
the dimensionless flux M,

. m 1 1
M—,m_i‘;_1+)vr’<1_n3> (14)

where 7 is the dimensionless thickness

n= (15)

&l

The reference flux m@ is the flux that would occur in the
absence of pressure effects

M = aAT = —bAs;> (16)

To summarize, the literature provides a model relating the
local evaporative flux to the local film pressure and interfacial
temperature change. The interfacial temperature change is
related to the temperature difference between the solid and
vapor phases, the film thickness, and the local evaporation
rate. The local film pressure is related to the local film thick-
ness. Therefore, a particular thin film shape (profile) has a
corresponding evaporative flux profile. However, mass is con-
served and there must be a corresponding flow. The flow of
a thin film is described by lubrication theory and the contin-
uum assumption.
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Lubrication theory relates the mass flow in the thin film,
T, to the pressure gradient in the direction of flow

8 dp,
r=-3a {17

where v is the kinematic viscosity. The coordinate x is the
distance in the direction of flow and is pictured in Fig. 1.
Using Eq. (1) in Eq. (17) gives

< |

I =

|
=S

(18)
For a steady evaporating thin film, a mass balance implies

- _Ad(1dd
"= v dx <6 dx) (19)

Equation (19) is made nondimensional using Eq. (15) and the
relationship

x
= — 20
(= (20)
where
—-A
x}= — (21)

Therefore, the local evaporative flux is related to the thin
film shape (profile) through lubrication theory

. 1 d'q) k
M= 22
d¢ (n dé¢ (22)
Therefore, a steady thin film has the shape needed to induce
a specific evaporation flux profile and to induce the pressure

profile needed to pump liquid to support the evaporation. In
mathematical terms, we have from Eqgs. (14) and (22) the

expressiorn
d 1d7,> _ 1 ( 1 ) 5
@ <n i) T\ T w @)

Having discussed the development of the differential Eq. (23),
we now turn our attention to the boundary conditions of
interest in this study. The boundary condition is really a far-
field condition. The thin film is a transition between a thicker
body and a nonevaporating thin film [a film of thickness &,
as given in Eq. (13)]. Therefore, the scaled thickness, 17,
satisfies the limit

n—1
as

E—x
Furthermore the slope satisfies the limit

dn_ o

dé
as
§-—>oo

Analytical Solution for Heat Sink

In the previous section, the model of Wayner et al.*> was
reviewed. The extension of Moosman and Homsy” to include
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the resistance to conduction in the film was reviewed as well.
In this section a proposed analytical partial solution of the
resulting governing equation is presented.

The governing Eq. (23) is subjected to transformation.
We define the variable

u=n (29)

and find from Eq. (23) that

1d ({1du 1 1
323(532) =r:m(1‘;) 25)

This equation is invariant with respect to translation in the
independent variable &, therefore, following Bluman and Cole, '
the transformation

du
dé

is used with the chain rule to eliminate ¢ from the equation.
The result is a first-order differential equation which may be
integrated. The proposed solution is, after back transforma-
tion to replace u with 7, and inclusion of the farfield condition

w n
—— = 3 e
” [18(1 + A?) 4 (1

+ A7

W= (26)

1+ A)> + 6(n~3—-1)

+ 9A(1 — n72) + 18A%(n~' - 1)] @7)

The integral heat sink for the contact line region is directly
related to this quantity,

AAh,, W
3uixg u

(28)

Therefore, W/u is a dimensionless contact line heat sink, O *,

The solution is discussed in more depth in Appendix A.

Solution for Meniscus Profile and Heat Sink for Zero
A and Larger 7
Equation (27) represents a first-order differential equation
that we have integrated for a special case. The equation is
simplified in that A has been assumed to be zero (no insulation
effects). It is further simplified by assuming that 7 is large.
Specifically we assume

n << 1 (29)
Then Eq. (27) becomes
4
= (18 mm — 6)'2 (30)
solution of this is
7’ —_ el/3e§2/2 (31)

We find the film slope to be

dp _1W_ (1 (W) 1
d§_3uexP<l8<u> +3) 32

Equation (23) was treated directly by a numerical method for
zero A by Wayner et al.?
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Solution for Meniscus Profile and Heat Sink for
Large A

The meniscus profile might be found by integrating Egs.
(26) and (27). We propose an analytical solution valid for
large A. Analysis of both Eqs. (27) and (A-10) for the case
of large values of A yields

1d 1 1 1\\"”
—”—11:/\_”2\/§<1———2(1—F)>' (33)

n d¢ n
Integration yields
2
Ry S +z] +
V3 \""3 K
1 (w41 m+1\ 1
N (31,—3+ <3n—3> +18>

-~ 6 (34)

Wi
O N

The integral heat sink is, in this case

—AAh,, 2 11 1\\"”
o= fi(i-5-i0-5) @

The maximum integral heat sink is the heat absorbed by the
entire meniscus, ¢,. This is found from Eq. (35) with n “‘equal”
infinity. In dimensional terms .

3 A1/3 M ” E * 2/3
Q,=\/;(—A) ( ) (b) AT (36)

Discussion

The expression for the integral heat sink, Eq. (28), implies
that the slope and curvature of the film at some position along
the substrate are functions of the amount of heat absorbed
by the portion of the meniscus “‘downstream” of that position,
or in other words the amount of material flowing by that
position multiplied by the heat of vaporization. The expres-
sion for curvature is developed by expanding the left-hand
side of Eq. (23) and using the expression for the integral heat
sink which provides the slope of the film. That is

2
1d3y 1 (dn 1 1
== — | =] = 1-— 37
n d§? nz(d§> 1+/\n< n3> 47
The relationship between slope, curvature, and the integral
heat sink may be illustrated by a case study.
Consider the system of n-octane, silicon, and air. The tem-
perature is 70° C and the temperature difference between the

solid and vapor phases is 5.3 (1073)° C. The constant — A is
found from Truong and Wayner'* as

A= —3.18(1072)J (38)

Based on this information and the physical properties of bulk
n-octane; the vapor pressure, P,; the molar volume, V,; the
enthalpy of vaporization, A#k,,; and the kinematic viscos-
ity, v

P, = 119.03 Torr
V, = 1.724 (10-*) m*¥mole
Ah,, = 339.8 kl/kg

y = 4.916 (10-7) m¥s



132 J. A. SCHONBERG AND P. C. WAYNER JR.

we find
8, = 45.08 A
X = 1962 A
A o= 0.041 (39)

Figure 2 provides a plot of dé/dx and d?8/dx? vs the integral
heat sink Q, that is given by Eq. (28). Note the only factor
in Q that is varied is the dimensionless film thickness 7. This
plot shows that the slope is steeper and the curvature larger
in the portions of the meniscus which experience a greater
flow. Curiously, these curves follow one another quite closely.
The plot of curvature is important because capillarity is ne-
glected in this analysis. Figure 2 indicates that curvature in-
creases with Q. Therefore, the expression for the integral heat
sink may be invalid for the larger values of Q. These values
correspond to the thicker portions of the meniscus. The cri-
teria for neglecting capillary pressure is

d?8 A
Ve < T 5 (40)
Taking the surface tension to be 16.87 X 10~> N/m and using
Egs. (27) and (37) as well as the reference quantities, we
estimate the disjoining pressure to be about 10 times larger
than the capillary pressure at a thickness of n = 1.25. For
convenience A is set equal to zero. This corresponds to Q*
= 1.04 (or with 8T = 45K, §, = 1 nm, Q* = 1.98). A
more indepth treatment of capillary effects and the region of
the meniscus over which they are negligible is provided in
Schonberg and Wayner.!” We note that curvature in this ex-
ample reaches §” = 700,000 m~" in the region where 8 varies
between 45 A and 126 A. This demonstrates how the curvature
builds up near the contact line. Although the small scale of
the analyzed region precludes quantitative comparison with
experimental data at the present time, the results qualitatively
agree with experimental observations in the thicker region.'®

The heat flux, g, absorbed by an evaporating meniscus is
of interest as well. This may be estimated with the ideal evap-
oration rate, #1'¢

q =~ m%Ah,, (41)

This is illustrated with more case studies. Case 1 corresponds
to the conditions listed above, with varying temperature dif-
ference, AT. Case 2 is the n-octane-silicon-air system at 170°
C. The higher temperature has a strong effect on the vapor
pressure of n-octane. At 170° C, it is very near 3 atm, whereas
at 70° C, it is only 0.16 atm. The ideal heat flux is plotted
against AT in Fig. 3. The flux is very high, however, it is not
yet apparent how or if these fluxes may be realized.

0.09[ 79(10%) m"!
| -
ni6nQ| o
LS | 1.0 0.0 | 45 A d—2—8
L . - 2
dx 14| 01 | 63A 1 o
0.05 | 22] 02 | 99A —~5(105) m-1
- i
1] 1 l 0
0 0.10 0.20 0.25
6 Q, W/m

Fig. 2 Absolute value of the film slope and curvature as a function
of heat sink for a particular case. Table provides corresponding film
thicknesses.
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m2 L

L 70°C
0 /T-’-/l-—’/-{
0 0.05 0.1 0.15 0.2
AT,°C

Fig. 3 Ideal heat flux vs solid to vapor temperature change at 70° C
and 170° C.

A=0.0
=0

6.0 A=0.01

Q* A=0.1
4.0

A=10
2.0

0 | } L ] _J
1.0 5.00 10.0 15.0 20.0 25.0

n

Fig. 4 Integral heat sink vs film thickness for several values of A.

A dimensionless plot of the integral heat sink vs the film
thickness, constructed from Eq. (27), is shown in Fig. 4 for
four values of A. This plot shows that the most active part of
the meniscus is the thinnest part, especially for large values
of A. Even though the heat flux decreases as 5 — 1, the area
is large because 7’ — 0. Furthermore the resistance to heat
transfer by the film is less in the thinnest part.

For large values of A an analytical expression for the me-
niscus shape was developed. This is plotted in Fig. 5. Note
that the independent variable is f/\/g))'\ . In the numerical so-
lution of Wayner et al., the independent variable is §. There-
fore, the effect of large resistance in the film (resistance to
thermal conduction) is to stretch out the contact-line region.
A stronger effect induces more stretching.

For the limiting case of a large A value, the maximum in-
tegral heat sink was found for a thin film. This is given in Eq.
(36). The maximum integral heat sink is the total heat ab-
sorbed in the contact line region. In the derivation of Eq.
(36) capillary effects were neglected. However, this expres-
sion may still be valid because, as previously discussed, the
thinnest portions of the thin film are most active especially
when film resistivity is large. It is the thinnest portions which
have the least curvature.

The expression, Eq. (36), shows a reasonable dependence
on parameters. Previous work has indicated that a large value
of the Hamaker constant promotes evaporation, presumably,
because a stronger disjoining pressure pumps more liquid to
the contact line region. A higher heat of vaporization Ah,, is
correlated with improved performance. Thermal conductivity
has a similar effect. This is not surprising since the resistance
of the film to thermal conduction is assumed to be very im-
portant in the deviation of Eq. (36). Viscosity has a detri-
mental effect. Lubrication flow, a viscous flow, involves large
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Fig. 5 Film profile for large A (A greater than 10, approximately).

/ -
Liquid Filled
Capillary
1-\6

e

Ideal Evaporating
Meniscus
6=0 r

Evaporating
Meniscus
0e>6=0

Fig. 6 Evaporating meniscus model profile.

pressure decreases which hinder evaporation. The parameter
a indicates the magnitude of the response of evaporation to
the degree of superheating. The parameter b indicates the
propensity of the hindrance of evaporation due to the dis-
joining pressure. Therefore, the dependence of Q, on a and
b is plausible. Finally, we note that the elevation of the sub-
strate temperature improves the total heat uptake. However,
we do not expect the large A solution to yield a high heat flux.
For Case 1, AT is 5.3 (103)° C and A is 0.041, according to
Eqgs. (11) and (13) A is equal to 10 only if AT is 3.6 (10-1)°
C. The choice of 10 is an estimate based on Eq. (A.10). Such
a film would be quite thick, §, would be about 1 um, and the
disjoining pressure would be virtually nonexistent.

The analysis may be related to the effective contact angle,
6,1in Fig. 6, due to evaporation by constructing an engineering
model of the evaporating thin film. The thin film is assumed
to consist of two parts. The thinner part is governed by dis-
joining pressure and is analyzed in this paper. The thicker
part is a capillary meniscus which has no appreciable pressure
change. Evaporation is assumed to occur only in the thinner
part. Furthermore the thinner part of the film is taken to be
so thin that insulation effects, An, are negligible. Therefore,
the solution outlined in Egs. (29) through (32) may be used.
The two parts of the film meet smoothly so that the slope of
the capillary meniscus very near the solid is equal to the slope
of the disjoining pressure film. This slope is related to the
integral heat sink through Eq. (32). In this way, the effective
contact angle, 6,, is related to the integral heat sink. This
model is certainly an approximation. We expect a transition
region between the capillary meniscus and the thinner part
of the film in which both effects are important. We expect
evaporation in this transition region and we expect the slope
of the film to increase, therefore, the relationship between
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the slope and the integral heat sink is approximate. Although
we do not know the accuracy of the approximation, the ad-
ditional insight gained is significant.

In particular, the effective contact angle, 6,, is related to
the dimensional slope through the inverse tangent

2
16, W 1 (W 1
, = tan~! <§;§'u— exp ('1‘5 (;‘) + 3)) (42)

According to this equation, the effective contact angle in-
creases with increases in the integral heat sink. The contact
angle is relevant because it affects the radius of curvature of
a meniscus in a circular pore. For a given pore the radius of
curvature, r, is larger if the contact angle 9, is larger. Specif-
ically,

r = d/(2 cos#,) (43)

where d is the diameter of the pore. In a passive cooling device
the driving force for fluid flow is the Laplace pressure change
at the meniscus. A larger value of r due to a change in 6,
translates to a smaller driving force for flow. Therefore, a
larger value of the integral heat sink may hinder the flow of
liquid to the interline.
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Appendix A: Development of Equation (27)
The governing Eq. (23) is

d(ldn)_ 1 o1
d§<n d§>_1+)m (1 n3) (A1)

The presence of the n* term suggests the transformation

u=mn’ (A2)

This is only useful in the special case of A equal zero. The
transformed equation is

1d {1du 1 1
EWT; (; d—g) =T awe (1 - ;) (A3)

As mentioned in the text, this is invariant with respect to
translation in ¢, that is, if we replace & with ¢ such that

p=¢(-c¢ (Ad)

where c is some constant, the differential equation for u(¢)
is identical to (A.3). Therefore, following Bluman and Cole,'?
we introduce the transformation

w=2 (AS)

= =W (A6)
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Therefore, Eq. (A.3) may be rewritten

1 d (W) 1 1
3Wdu (u) 1+ Auls (1 - ;> (A7)

IWwd Wy _ 1, 1)1
Sudul\u/ 1+ Au? T ulu (A8)

This may be integrated to yield

2
1 (W _f 1 1) 1
6<u> T T ¥ (1_Z>Zd” (A9)

The integral is simpler if u is eliminated in favor of n with
Eq. (A.2). We find

i(&")z_f dh___[__dn
18\u/ a1+ ayn 7*(1 + A7)

The integrals were solved by the method of *“partial fractions”
for the expression (27). The farfield condition implies that

or

(A10)

w

=50

(A11)

as

n—1 (A12)

This fixes the constant of integration.
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